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Regression analysis

* Regression analysis allows you to model, examine,
and explore spatial relationships, in order to better
understand the factors behind observed spatial
patterns or to predict outcomes.
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Regression analysis terms and concepts

Random Frror
Variable Term/ Residuals

Residenhal Burglary = Be + By (Income) + Ba (Vandalism) + By (Households) + Residual Frror

» Dependent variable (Y): what you are trying to model or predict
(Residential Burglary, for example).

o Explanatony variables (X): variables you believe cause or explain the
dependent variable (like: inceme, vandalism, households).

o Coefficients ([3): values, computed by the regression tool, reflecting
explanatory to dependent variable relationships.

o Residuals (£): the portion of the dependent variable that isn’t explained
by the model; the model under and over predictions.
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Use OLS to test hypotheses

| Ordinary Least Squares

Irgat Feabure D Ordinary Least Squares
M= Dakata Data

Lirmpse 0 Firied Paifeime ghobal Ordingry Leas! Squaies
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Why are people dying
young in South Daketa?
Do economic factors
explain this spatial patiern?

Poverty rates explain 66% of the variation in the average age ofi death
dependent variable: Adjusted R-Sguared [2]: 0.659

However, significant spatiall autecerrelation among medel residuals
Indicates important explanatory variables are missing firem the moedel.
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Build a multivariate regression model

 Explore variable relationships using the scatterplot matrix
e Consult theory and field experts
» Look for spatial variables

e Run OLS (this is an iterative, often tedious, trial and error, process)
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Interpreting OLS results

» Use the notes on interpretation as a guide to understanding OLS
model output.

Summary of OL3 Results
Variable Coefficient #tdError t-3tatistic Probability Robust SE Robust_t  Robust Pr
Interczept B85.561438°9 0.921428 92.91487& O.o0ooooo* 0.8993E81 L122600 0O.000000¢*
NVEHIACCID —-141.4988¢60 2.97484¢ -14.185565 0.000000* 14.098E865 . 789368 0.000000* 1.323°9034
N3UICIDE -163.173481 18.12440%2 -9.00Z97Z O.oooooo* 31.296397 .213810 0.000001+ 1.370010
NLUNGCANC -4Z2,888108 1Z2.783%69% -3.354835 O.001087+ 15.0Z&004 .854Z25% 0.0051246* 1.04328Z2
NDIABETES -S55.253122%8 13.371354 -4.1594415 O.0000e0%* 17.842851 135782 0.002186* 1.163340

OLS Diagnostics

Number of Ohservations: 119 Number of WVariahles: 5

Degrees of Freedom: 114 2kaike's Information Criterion (ATC) [Z2]: 538.478Z2
Multiple R-Sguared [Z2]: 0.852540 Adjusted R-Sguared [E]: 0.247366
Joint F-3tatistic [3]: 1464772345 Prob{=F), (4,114} degrees of freedom: Loooooo*
Joint Wald Statistic [4]: 233.428820 Prob{=chi-asquared), {4) degrees of freedom: LOo0gooo*
Eoenker (BP) Statistic [5]: 41.3&77158 FProk(schi-squared), (4) degrees of freedom: Lo0oooo*
Jarque-Bera Statistic [6]: 4.45288¢%9 Prob(>chi-squared), {(2) degrees of freedom: L107911

HNotes on Interpretation
Statistically significant at the 0.05 lewvel.
Large YIF (» 7.5, for example) indicates explanatory wariable redundancy.
Measure of model fit/performance.
Significant p-wvalue indicates overall model significance.
Significant p-wvalue indicates robust overall model significance.
Significant p-wvalue indicates biased standard errors; use robust estimates.
Significant p-value indicates residuals dewviate from a normal distribution.
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Coefficient significance

* Look for statistically significant explanatory variables.

» Consult the robust probabilities when the Koenker test is statistically
significant

Probability Robust_Prob

MNotes on Inteepretaticn
Eranigtically sigrificent a% the 0,05 level. |

LAEge

Bigria Yo samh
Eigna ficans
Fignificans

Fignd ficant

* Statistically significant a

Variable
Intercept
NJVEHIACCID
N3UICIDE
NLUNGCANC
NDIABETES
HOSPACCESS

Number of Ohservations:

Degrees of

Multiple E-Scuared [2]:
Joint F-Statistic [3]:
Joint Wald Statistic [4]:

VIF (5
Mespures of model fit/perfcomd

T.%,

p-valias
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pevalias
pevalus

far examplag

sl Eates
inplicares
indicaten
indLicaTen

srdicatan explAnAESTY varsabla Eadurd aTsy.
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cabust
hiansd Aatandard acrrard; Uues robudt AAEImAERS

cepidusles deviate from s normal dipcribution.

e 0.05 level.

Summary of OL3 Eesults

0.000000*
0.000000*
0)0]0]0]0/0]0):
0.001219%
0.000055%
0.079514

00]0]00]0]0)s
0.000000*
0)10]0]0]0)0]0)::
0.005990¢
0.001994*
0.067555

Coefficient StdError

g5.374351

0.9223955

-140.425069 29.201405
-163.284992 17.957444

-4z .032857
-57.52Z0555
0.276706

Freedom:

12. 674300
13277747
0.156376

119
115

0.556515
134.
267.

t-3tatistic
9z .501086
-14.1532636
-9.,092580
—-3.320330
—-4,33210z2
1.769493

ro 1lity
LQooooo*
LQooooo*
LQooooo*
001219+
LQopass*

079514

OLS Diagnostics
MNumber of Variables:

Akaike's Information Criterion
Ldjusted E-Soquared [2]:
FProb (>F1,
Prob (rchi-squared) ,
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Multicollinearity

* Find a set of explanatory variables that have low VIF values.

 In a strong model, each explanatory variable gets at a different facet of the
dependent variable.

— What did one regression coefficient say to the other regression coefficient?

...I'm partial to you!
Hoartesa an T!‘lT.i'FI'l.'i"T.ﬂr.‘ll'lTL 2.351229

Semtistically significant at the 0.05 lewvel.
Laege VIF (* 7.5, for eeample] indicacea explanacory wariable ecdundancy. | 1.556498

Beasure of modsl Eit/fperformance.

Sipgnificant p=value ipdicates overgll model sigoificance, 1051207
SZigrifieant pevalus indicacea robodt overall mode]l =aignlficanes.

Sipnificant p=value ipdicacez bissgd =tandmzd =ggor=E; use pobuyst e=Limales, 1400358
SipgnifirAnt value irdicaces resifuala deviace from ;s normal diaceiburnion. 3 232363

arge v > (.5, T0r example) indicates explanatory variable reaundancy.

Summary of OL3 Results

Variable Coeffizient StdError +t-3tatistic Probability Robust 2E Robust t Robust Pr
Intercept B8&.08Z2379 0.2875151 363521 O.oooooo* 0.813152 105.863324 0.000000%*

NVEHIACCID -110.53Z001é 12.Z13013 L0453 66 .oooooo+ 14.5444¢54 L398745 0.000000+* |Z.351Z229
N3UICILE -138.221155 158.1503=24 LB0Z2788 Lagoogooa* 2%.800523 LB63813% 0.000011+ §1.556458
0
0
0

NLUNGCANC -47.045741 12.076316 .855703 LO00172* 13.536130 475568 LO00732* J1.051=207
NODIABETEZ -33.4Z59350 13.805975 421405 017044+ 14.732174 LZ262173 L0Z51458+* 11.400358
NEELCWEPCYV -14.408804 3.633873 L PFE5137 000134+ 4,1256473 492493 LO00ESE* |3, 232363

OLY Diagnostics

Number of Ohservations: 112 Number of WVariabhles: &

Degrees of Freedom: 113 Akaike's Information Critericon (AICY [2]: 24,9782
Multiple R-3guared [E2]: 0.870551 Adjusted R-3guared [E]: 0.564323
Joint F-Statistic [3]: 151.985705 Prob(=F), (5,113) degrees of freedom: O.000000+*
Joint Wald Statistic [4]: 495,.057428 Frob(rchi-=squared), {(3) degrees of freedom: 0.000000+
Eoenker (EP) &tatistic [5]: 21.590491 Frob(rchi-squared), (3) degrees of freedom: 0.000&Z&%
Jargque-EBera #tatistic [6]: 4.,207198 Probi{=chi-aquared), (2) degrees of freedom: 0.122017
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Model performance

« Compare models by looking for the lowest AIC value.

—As long as the dependent variable remains fixed, the AIC value for
different OLS/GWR models are comparable

» Look for a model with a high Adjusted R-Squared value.

Hortes on Intecpretat ban
HBrari=cdically aigrnifirant ar the 0.05 lewel.

Laege VIF (» 7.5, for svassle| indicates syplanatory variskle eedundasmog.

:ﬁ:ﬁ:czizhﬁ:ﬂ:iﬂ;ﬁizgnﬁéuh?ﬂu s1gnif icance. vieasure or moael Ti per ormance.

dignificant p-walus indicasess cobuat overall mods=l BignlllicancE.
Jigniticant p-walus indicases bDilased sScanascd 2CTOTBF wWSe CobUBT SATLMAREE.,
ddgmiticant p-wvalus dndicasss repddasls devisces froom A normsl diptribacian.

Akaike’s Information Criterion (AIC) [2]: 524.976
Surmmary of

Yariahle Coefficient StdBError +t-Statistic AdeSted R_Squared [2] 0:864623

Intercept &86.08237% 0.875151 383521 Laooooo* 0.815315=2 .

NVEHTACCID -110.5Z0016 12.Z13013 042366 .agooooo+ 14.544464 7. .gooooo* Z.35122%
N3UICILE -138.221155 15.1303Z24 LB0Z2788 .agooooo+ 29.800593 .B38138 .o00do11+ 1.556428
NLUNGCANC -47.0453741  12.076316 .855703 Laoo1ivzE+ 13.536130 LAT5588 LO00732+ 1.051z207
NDIABETEZ -33.4253850 13.8055975 LAE21405 .o01vo44+ 14.732174 LZ2E9173 L0Z5148+ 1.400358
NEELCWEPCY -14.408804 3, 433873 965137 .agoo1iz4+ 4.,1256473 LAS2490 LO00e92+ 3 EZ3IZTA3

]
0
0
0
0
0

OL3 Diagnostics

Number of Chservatlions: 119 Numkber of Variakles: &
Degrees of Freedom: 113 2kaike's Information Criterion (AT [2]: S524.978%2
Multiple BR-Sguared [Z2]: 0.870551 Adjusted RB-3guared [2]: 0.3648%3
Joint F-8tatistic [3]: 151.985705 Prob(=F), (5,113) degreez of freedom: .0ooooo+*
Joint Wald Statistic [4]: 495,057428 Proki{=chi-squared), (5) degrees of freedom: .0ooooo+*
Eocenker (BP) Statistic [5]: 21.590491 Prok{>chi-squared), (5) degrees of freedom: LOD0OBZA*
Jarque-EBera #tatistic [6]: 4.207198 Prok({=chi-squared), (Z) degrees of freedom: LA22017
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Model significance

e The Joint F-Statistic and Joint Wald Statistic measure overall
model significance.

e Consult the Joint Wald statistic when the Koenker test Is
statistically significant.

Hores onm [nCerBErETACion
Jratistically signifucanc &C cheE O.05 lewvel.
Lacge WIF (& T.%, 0 EEANpLe) 1GdicATEl EXPLANALOTY VAT1ADEE TEAURCBISET.
Hapmurse of macdesl f:.r..-'p!rfnrl.nnﬁ-l-.
HigriTicaAnE p—imaliis indicAtas Syvearkl | made] Aignifisanss .
HigmilicanE p=immlite Endicales Fabual Guerlall mdeal gigrilicanis,
HigamilicantE p=valie indicalesd Biased sSLamdflacd €ECGa; iEHe robhisl #alimabss.
FigHLITicant p=valivs: indicaled Eeiduals deviate€ ZESx & nofmal Jdistcibatidn.

Joint F-Statistic [3]: 151.985705 Prob(>F), (4,113) degrees of freedom: 0.000000*
Joint Wald Statistic [4]: 496.057428 Prob(>chi-sq), 5 degrees of freedom: 0.000000*
Koenker (BP) Statistic [5]: 21.590491 Prob(>chi-sq), 5 degrees of freedom: 0.000626"

Summary of OLEF Results

Variahle Coefficient |@tdError t-8tatistic Probability Robust 3E Robust t Robust Pr
Intercept SBA.08Z373 0.875151 L3B35E1 0.o0oooao* 0.81315%Z 105.8632324 0.000000*
NVEHIACCTID -110.53Z0016 J12.213013 L0493 86 Lgaoooo* 14.5444¢54 .558%78% 0.000000* Z,35122°%
N3UICIDE -138.221155 |18.1803%24 L B0Z788 .goooao+ 29.800533 . 538132 0.000011+ .5564598
NLUNGCANC -47,045741 J1Z2.076314 .835703 LOao1E+ 13.536130 475588 0.00073Z* 1.051207
NDIAEETER -33.4Z9350 J13.805375 421405 017044+ 14.732174 LZ269173 0.025143+* 1.400358
NEELCOWEOY -14,408304 J3.633873 LFE5137 LO0o0134+ 4,1256473 LA524599  0.,000692* 3,Z3Z363

OLY Diagnostics

Number of Chservations 119 Number of WVariables: &
Degrees of Freedom: v 113 Akaike™s Information Criterion (ATIC) [2]: 524.9782
Multiple R-gguared [Z]: 0.870551 Adjusted R-dguared [Z]: .BE54823
Joint F-3tatistic [3]: 151.985705 Frokh(=F), (5,113) degreeszs of freedom: 0.0000o00+
Joint Wald Statistic [4]: 494.057428 Frobk({rchi-squared), (5) degrees of freedowm: 0.000000+*
Eoenker (BP) Statistic [5]: E£1.5%90491 Erobk (rchi-squared), (5) degrees of freedom: 0.000&Z4*
Jargque-Bera Statistic [6]: 4.207198 Froh(rchi-squared), (2) degrees of freedom: 0.122017
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More= on IRLETPISCACiOn
SEAEIAEACAL LY AEQRITIGANE AT Ehé L0 Q&nel .
1 Largs WIF (> V.5, Par a&dAnp lé] indicAbEsar &G lanARGTy VAT LAR L& radimdasnsiy,

2 Masmars &F madEl FIESpaACPArTAANSA.

Model bias

I SiignificAnE p-ivalisdk indic&kEAR Sraf&l] madisl RigRificanss,
J JignaficantE p=yvalism jndicabes rohizEE avaral] mo@al aignil lcdnGs,
I SignaficanE p=yvalis® jndicabEEg Dimsfgsed ATARAATI &FrGrA; QRfe pohust e&E imales,

I SignificentE p=mlise jndicaCef reRidisls dErijate Efcom A nGrmal diSEriBuf ||:-||.J

o SIgniticant p-value Inaicates residuals deviate rrom a normal aistripoution.

* When the Jarque-Bera test is statistically significant:

—the model is biased
—results are not reliable

—often this indicates that a key variable is
missing from the model

4.207198 0.122017

Summary of OL3 Results
Variahle Coefficient 3tdError +t-8tatistic Probability Robust ZE Robust t
Intercept 86.0823979 0.875151 L363521 o.oocooo0+ 0.813152 105.8&3324 0.000000+
NVEHTACCID -110,52001s 12.213013 0428366 Loooooo+ 14.5444¢4 . 328769 0.000000+
NEUICILDE -138.221155 18.180324 LBO0Z738 .goooaoo* Z29.8002593 LB38135%  0.000011+
0
a
0

Jarque-Bera Statistic [6]: Prob(>chi-sq@), (2) degrees of freedom:

Fobust Pr

331229
.556498
051207
LA00358
232363

NLUNGCANC -47.045741 12.076316 .895703 .O0017E* 13.538130 475568 Looov3z+
NDITABETES -33.4292850 13.805275 421405 017044+ 14.,73=2174 L26E5173 L0z5148+
NEELCWEPOYW -14.408304 3,633873 L BE5137 000134+ 4,125643 L492438 000622+

OLY Diagnostlics

Number of COhserwvations:

Degrees of Freedom:

Multiple R-8guared [2]:

Joint F-23tatistic [2]:

Joint Wald Jtatistic [4]:
Ecoenker (BP) Statistic [5]:

119

113
0.870551
151.285705
43%¢.0574Z28
21.5%04591

Numker of Variakles:

Akaike's Information Criterion (ATC) [2]:
Adjusted R-Sguared [2]:

Prok{=F), (5,113) degrees of freedom:

Prob{>chi-aquared), (53) degreez of freedom:
Frob{xchi-squared), (5) degrees of freedom:

=

324, 3762
.854323
Laoooon*
.oooooo*
LO000eZ&*

[Tarque-Eera Statistic [6]:

4.207198

Frob{>chi-asquared), (Z) degreez of freedom:

122017 |
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Spatial Autocorrelation

WARNIIG 0O00851: Use the 8patial Autocorrelation (Moran®s I) Tool to ensure residuals are not
spatially autocorrelated.

Error code:

Cescription:

Solution:

000851: Use the Spatial Autocorrelation (Moran's I) Tool to ensure residuals are not spatially autocorrelated.

Results from regression analysis are only trustworthy when the model and data meet the
assumptions/limitations of that method. Statistically significant spatial autocorrelation in the regression residuals
indicates misspecification (a key missing explanatory variable). Results are invalid when a model is misspecified.

Run the Spatial Autocorrelation (Moran's 1) tool on the regression residuals in the output feature class. If the Z
score indicates spatial autocorrelation is statistically significant, map the residuals and perhaps run hot spot
analysis on the residuals to see if the spatial pattern of over and under predictions provides clues about missing
key variables from the model. If you cannot identify the key missing variables, results of the regression are
invalid and yvou should consider using a spatial regression method designed to deal with spatial autocorrelation
in the error term. When spatial autocorrelation in OLS residuals is due to non-stationary spatial processes, use
Geographically Weighted Regression instead of QLS.

« Spathal Autocorrelation {Glabal Moran, . L 5 R = Spaiial Auiecodrelatian (Glabal Moran. [2 78 s

TR T
Dlasem e | 6] b o s

. PO
[TTTTTTT]

R

Cowm w1 b B b e T e S, " T T W
i b b el F R A

= = [®

Statistically significant clustering of Random spatial pattern of under
under and over predictions. and over predictions.
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Check OLS results

Coefficients have the expected sign.
No redundancy among model explanatory variables.

Coefficients are statistically significant.

o
=]

Fobust Pr

0.00017&* . 3 3 Laad
! 0.017044+*
NEELCWE OV q . & : a. = ad.98313 0.000134+*

0.000000¢% z g, Looooli+

HNumher of Ohser

Multiple R- &g : 2]: Q. ] : - 3guared [Z2
Joint F- o [3]: 51. < 113} degrees

(R ]

Joint Wald
nker (BF)

rjue—EBera

Residuals are normally distributed.
Strong Adjusted R-Square value.

Relationships do not vary significantly across the study area.
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Run Geographically Weighted Regression (GWR)

- . . ' Geographically Weighted... E|E!

* GWR is a local, spatial, regression model —— -
— Global Regression methods, like OLS, break s Dokota Dot

down when the strength of model relationships

vary across the study area

|

« GWR variables are the same as OLS, except:

— Do not include spatial regime (dummy)
variables —

— Do not Include variables with little value CBacupiortally ool TR CutpusC ahp

¥ el e

variation FIED

Bardwidkh masthod

& |= % [+

k

|

RICE -

[usharee !lﬂl!

ih'ﬂ-t £ [ pbesniall

o Selecting a bandwidth and kernel

— Eixed or Adaptive |
— AIC, Cross Validation (CV), bandwidth A

| By Wi iy | Do Cimed e

palam eter kgt ool sz (cptonal)
| L0
o Condition numbers

£ >
E Caresl | I.rrrl'l.nrrln'l'.-... ey Heslp |
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Interpreting GWR results

Bandwidth o 2e4005
Squares  : 434 7235 Compare GWR R2 and AIC values to OLS

iveNurber 3 . !
S - o e R2 and AIC values. The better model has
I3}

RzAidjusted .G ; . : .-'.?'i a lower AIC and a h|gh R2.

= Spatinl Autocorrelation (Global Moran.,. : |

Residual maps show model

ot vl o ]

under and over predictionsl 2 hoomm = 24 swndeed astirs

e [ P T
HUEE HnEN

e las L0 DI LTE Pl Fd Qe oo om
T - [TL_NRL TR | (R B TRTE ]

They shouldn’t be clustered.

[iw o 1 v capwwh e fopewi

Coefficient maps show. o]

how modeled relatienships

vary across the study area. i Model predictions, residuals,
standard errors, coefficients,
and condition numbers, are
written to the output fieature
class.
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GWR p red I Ct I O n eographically Weighted Regression

. . Finit doaars e Gaographically Welghted
Calibrate the GWR model using knewn CrbctaDat 5 Gagroasion | |

values for the dependent variable and all [micuce | || Petmms e, @ tocal o of e

PN eI i D 0 STy

of the explanatory variables. . =| | v it oy i

Arcindn, Spsiud Analbyst
Ceeosiatatral Anabygt Losnas

s

[P TRIT S g ]
T N — A e s
it | g Fagndin

BRME | el i P
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W g

B duddet sl Paraseds e Q0 sl
oMl ol e ool

Caiepadt ol e (il
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Fradoter, e stars Gotonad]
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Prociiue wpienal o v v e (ophonalt

Predicted —
Pl
ey,

Provide a feature class of prediction e
locations containing values for all ofi the
explanatory variables.

[ [ i L] & &

Cafenil et Aeaburs i (bt
- i i 5 ¢ Ceened iy Bl n Prewl e

GWR will create an output feature class '
with the computed predictions. [ ] coma | totr | ccrinten |
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Resources for learning more...

« The ESRI Guide to GIS Analysis, Vol. 2

« Geoagraphically Weighted Redression, by Fotheringham, Brundson, and Charlton

* 911 emergency call analysis demo:
hittp://www.esri.com/software/arcqgis/arcinfo/about/demos.htmi

 Virtual campus free web seminar
http://campus.esri.com/

o Articles (keyword search: “Spatial Statistics”)
hittp://www.esri.com/news/arcuser/0405/ss crimestatsiof2.html

o ArcGlIS 9.3 Web Help:
— Regression Analysis Basics
— Interpreting OLS Results o
— Interpreting GWR Results .
Watch for updates P e | s S i

Arcils Desktop .3 Help

o7 eatiid phalyis bakids

» GP Resource Center + g T

. LSCOtt@ESRICOm ! E5RI Resource Cenler (8
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