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Abstract: This paper presents an ArcGIS application of spatial statistics to precipitation
modeling.  Rainfall observed at weather stations is combined with environmental
variables such as elevation (DEM), aspect, and location to produce a precipitation
surface.  This surface is generated using a spatial auto-regressive model, which employs
maximum likelihood estimation.  This method accounts for spatial autocorrelation of
precipitation data and estimates unbiased and efficient parameters from relatively few
rainfall observations.  Hydrologic and environmental applications can benefit from this
versatile approach, which provides an accurate precipitation surface without the
limitations of other regression or geostatistical methods.

Introduction

Precipitation estimates are an important component to water resources applications and
accurate estimation can be difficult, especially in locations where precipitation
measurement stations are sparse and data is temporally discontinuous.  There are also
concerns with producing valid estimates using appropriate methods.  This paper discusses
innovative methods that were developed using earlier versions of ArcView and ArcInfo
GIS, which will soon be available in the latest version of ArcGIS.  These methods
include cutting edge spatial auto-regressive modeling which produce valid and unbiased
precipitation estimates that account for spatial dependence.  Valid estimation is
important, especially when these estimates are used as inputs for more complex models,
when precipitation amounts are needed for locations the have a limited or discontinuous
record, and/or when data definitions differ across political boundaries.  Spatial
autoregressive models, which have roots in spatial statistics and econometrics, are an
alternative to methods that are currently used to estimate precipitation.  The more popular
methods include estimating precipitation based on the nearest station, weighted average
method, Theissen polygons, IDW and IDW squared (Franke, 1982), and Kriging.  With
the exception of Kriging these methods do not adequately address the problems of spatial
dependence and spatial heterogeneity.  Kriging, with its own limitations and assumptions,
may be a comparable method in areas where there is an abundance of available data, and
is valuable for analyzing the placement of new gages (Tsintikidis, 2002).  Spatial
autoregressive models provide a versatile and valid method for estimating precipitation.
Incorporation of this method into ArcGIS makes it relatively easy to apply the models to
a variety of spatial phenomena.  These models can be applied at a variety of spatial and
temporal scales. The functionality of GIS has made it possible to implement cutting edge
spatial autoregressive techniques to investigate water resource problems.  Advances in
GIS applications and ArcGIS in particular have greatly reduced the analysis time for
estimating spatial parameters.  The following sections describe the research application
that led to the development of an ArcGIS application.
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Figure 1 - The Tijuana River Watershed

Background

This project began as a supplement to flood modeling in the Tijuana River Watershed
(see Figure 1).  The flood model is a complex model with many parameters.  Distributed
values for stream discharge were required at specific locations throughout the watershed.
An analysis of the existing gage data was conducted by the International Boundary and
Water Commission (IBWC), which estimated stream discharge for the watershed as a
whole for various events and calculated confidence intervals for the values (IBWC,
1994).  There were practically no gages corresponding to the outlets of watershed sub-
basins. For this reason, the stream flow regressions developed by Waananen and Crippen
(1977) to estimate flood discharge for a variety of flood events in the South Coast Region
of California are used.  The Tijuana River Watershed was included in the development of
these equations.  Three of the equations were used in a pilot study to estimate stream
discharge for the Tijuana River Watershed.  The equations are:

Q25=1.10A0.81P1.81

Q50=1.50A0.82P1.85

Q100=1.95A0.83P 1.87



3

where, Q is stream discharge for a particular event in cubic feet per second (for example,
Q25 is the stream discharge for the 25-year storm event), A is the basin area in square
miles, and P is mean annual precipitation in inches.

Basin area can easily be calculated for each sub-basin in a GIS.  Mean annual
precipitation can be determined for each sub-basin by using the sub-basins to clip a
precipitation grid and computing the average value of the resulting clipped portions of the
grid.  Then discharge values can be computed for the outlets of each sub-basin using the
stream flow regressions.

Figure 2 - Precipitation Stations for the Tijuana River Watershed

A pilot flood study was conducted using an existing trend surface grid for mean annual
precipitation, together with the stream flow regressions, to estimate stream discharge for
the watershed at distributed locations (Henderson, 2000).  The precipitation surface was a
third order polynomial trend surface grid containing values for mean annual precipitation.
The surface was produced from a limited number of precipitation stations represented by
an incomplete record.  Figure 2 shows the 44 precipitation stations used to create the
trend surface.  Considerable effort went into patching the existing dataset, an 18-year
continuous period of monthly precipitation.  In comparing the pilot study results with the
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IBWC analysis, the calculated discharge values, which used the trend surface (Figure 3)
for estimates of mean annual precipitation, were approximately three times higher than
observed values for each event. The overestimated discharge values led to testing the
validity of the trend surface grid and a search for alternative methods.

Figure 3 – Precipitation trend surface grid

The rest of the paper is organized as follows.  The discussion begins with a presentation
of the application of ordinary least squares (OLS) estimation to the modeling
precipitation data.  This is followed by tests for heterogeneity and dependence.  Then,
maximum likelihood estimation is used to compute autoregressive model parameters and
the results are presented.  Correlation coefficients are computed to show the relationship
between observed and estimated precipitation values.  The paper concludes with a
summary of findings as well as some directions for future research.

Ordinary Least Squares

The explanatory variables in this precipitation model are easting, northing, and elevation.
The latitude and longitude of each precipitation station was given.  The station locations
were digitized using these coordinates, and saved as a shapefile.  This data was then
projected to UTM zone 11, and the easting and northing values used in this model are
station coordinates in this projection.  The units are meters.  The elevations for the
stations were extracted from a 30-meter DEM for the watershed.
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The results from the application of the ordinary least squares equation above are
presented in Table 1.  There are a few points worthy of mention.  The negative sign on
the ß for ‘easting’ verifies that as the UTM coordinate for easting increases, precipitation
decreases, which is consistent for the study area.  However, the p-value of 2 seems
unusually high and would be a cause for concern if OLS were chosen as the Data
Generating Process (DGP) for this study.  The p-value for ‘elevation’ is significant and
the large parameter value indicates a strong relationship between elevation and
precipitation for this climatic region.  For OLS estimation, R2 is a measure of model fit
that is interpreted as the percentage of variation in the dependent variable explained by
the model.  The R2 is 0.73 and is largely the result of the contribution of elevation: prior
to adding elevation to the regression the value of R2 was 0.25.  But before we elect to use
OLS as our DGP perhaps we should do some tests for spatial dependence and
heterogeneity.

Table 1 - Results from Ordinary Least Squares
Variable ßOLS ßSE tOLS p-value R2

Constant -7.40e+01 9.95e+01 -0.74 0.25 0.73
Easting -1.77e-04 3.57e-05 -4.96 <0.01

Northing 4.82e-05 2.52e-05 1.91 0.06
Elevation 5.02e-03 6.11e-04 8.43 <0.01

Tests for Heterogeneity (Heteroskedasticity)

The results from heterogeneity testing are presented in Table 2.  A dummy variable was
constructed to divide the data into two regimes and to answer a question of whether there
was a difference in precipitation between Mexico and the United States.  An attempt is
not made to explain the reason for any differences, only whether there is a significant
difference between the two groups of stations.  There are numerous possibilities for
creating other regimes that could be tested here, for example, using slope or aspect to
separate the stations into different groups.  In the dummy variable stations in Mexico
were assigned a value of zero and the stations in the United States were assigned a value
of one.  Three tests were performed to determine if:

1. the intercept varies between the regressions for the two countries,
2. the slope varies,
3. slope and intercept vary.

The results for the heterogeneity tests show significance in two areas: a significant p-
value for elevation in the test for varying intercept, and a significant p-value for the
dummy variable times ‘northing’ in the test for variation in both the slope and intercept.
The significance in the dummy variable times ‘northing’ variable indicates that the
associated parameter would be higher for the United States stations (the Mexican stations
are the ‘base’ case and would not be adjusted).



6

Table 2 - P-values for Heterogeneity Tests
Variable Intercept varies Slope varies Slope and intercept vary
Dummy 0.83 0.99
Constant 0.99 0.99 0.05
x-coord 0.99 0.99 0.99
y-coord 0.26 0.55 0.99

Elevation <0.01 0.09 0.12
dummy*eastings 0.99 0.99

dummy*northings 0.82 0.01
dummy*elevation 0.55 0.47

Tests for Dependence

Dependence between observations can come from spatial aggregation or measurement
problems, and for spatially organized data this dependence is termed spatial
autocorrelation (Rey, 2000).  This has importance in terms of validity and selection of the
appropriate data generating process and estimator.  If tests for spatial autocorrelation are
not conducted the validity of a particular study can be questioned.  When spatial
autocorrelation of model residuals is detected then OLS is an inappropriate estimator
(Anselin, 1990).

Each of these tests relies on a spatial weights matrix as the numerical expression of the
spatial proximity of observations.  This matrix contains elements ijw , which indicates

the relationship between sites i and j.   There are many different formulations of this
matrix, and the choice is closely linked to the spatial units being studied.  The only
weights matrix used in this study is an inverse distance squared matrix.  This means that
each element in the matrix is the inverse of the squared distance between the row and
column observations.

Moran's I

The most commonly used test for spatial autocorrelation is Moran’s I.  This statistic is a
measure of spatial autocorrelation based on the covariance of values and their proximity.
The statistic, given in matrix notation is:
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where, e is a vector of residuals, W  is a spatial weights matrix, N is the number of
observations, and S is the sum of elements in W.

Here, Moran's I is used to test OLS model residuals for spatial autocorrelation.  The test
results are shown in Table 3.



7

Table 3 - Test Results for Moran's I
Moran's I value z-value p-value

0.18 2.80 <0.01

The p-value gives evidence for spatial autocorrelation, and the OLS assumption of
uncorrelated errors is not met.  However, Moran's I does not tell us what type of
dependence exists.  Further testing is required to determine whether the dependence is in
the error term or the spatial lag.  Using the testing procedure of Anselin (1988), we
conduct Lagrange multiplier tests for spatial lag and spatial error dependence.  The more
significant test statistic indicates the type of dependence that dominates, and the type of
spatial autoregressive model that should be estimated.

Lagrange multiplier test-Error

The results from the error dependence test suggested that there was some dependence in
the error term.  The Lagrange multiplier tests are distributed 2χ with 1 degree of
freedom.  In this test a result of greater than 6.64 would indicate that we should reject the
hypothesis that there is no error dependence at the 0.01 level of significance.  The
resulting test statistic is 3.36, and we cannot reject the null. This type of dependence
would affect the efficiency of OLS estimates but would not make the estimates biased
(Anselin, 1991).  Next, we'll look to see if there is evidence for dependence in the spatial
lag.

Lagrange multiplier test-Lag

The results of the lag test indicate that we can reject the hypothesis that there is no
dependence in the spatial lag.  The result of this test was a value of 9.79.  In contrast to
error dependence this type of dependence puts OLS on shaky ground, as it would be an
inconsistent estimator (Anselin, 1991).  This result suggests that a spatial lag model be
used to estimate precipitation in this region.

Maximum Likelihood Estimation of the Spatial Lag Model

The spatial lag model is a spatially autoregressive model.  These models provide
consistent and efficient estimation of linear regression parameters that account for the
spatial autocorrelation present in the observations.  The spatial lag model that was
estimated is shown below.  In addition to the three explanatory variables included in OLS
model, there is a spatial autoregressive term and the US dummy variable multiplied by
northing.   The spatial autoregressive parameter, ρ, is a measure of how much of the
dependent variable that is explained by the neighboring observations.
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The results of the Maximum Likelihood Lag model are shown in Table 4.  The p-values
for elevation, easting, and ρ are significant.  ß is positive for all variables with the
exception of 'easting' which is consistent with the climate of the study area.

Table 4 - Results from Maximum Likelihood Estimation-Lag
Variable ß SE t p-value

ρ 0.58 0.10 5.81 <0.01
Constant 41.40 8.05e+01 0.51 0.61
Easting -1.68e-04 2.90e-05 -5.80 <0.01

Northing 1.29e-05 2.07e-05 0.62 0.54
Elevation 4.24e-03 5.35e-04 7.94 <0.01

The spatial lag model parameters were used in ArcInfo Grid to produce a grid for mean
annual precipitation.  The Grid equation is:

Rainfall = 41.395 + -.000168 * Easting + .000012858 * Northing + .0042452 * Elevation
+ Lag + .000000184 * Dummy * Northing

41.395 is a constant, Easting, Northing, Elevation, Lag, and Dummy are 30 meter grids.
Lag is equal to the spatial autoregressive term calculated for each grid cell.  Dummy,
which was used to account for heterogeneity across the border, is a simple binary grid
where the area in Mexico has a value of 0 and the area in the US has a value of 1.

Correlation Coefficients

There appears to be a fairly good correspondence between the predicted and observed
values.  The correlation coefficient between the predicted values (precipitation estimates
estimated by the spatial lag model) and the observed values (mean annual precipitation
for each station) is 0.88.  This correlation can be compared to the R2 of the OLS model
(0.73) and shows an improvement in explanatory power when spatial dependence is
incorporated in the model.

Conclusion

The results from the Moran’s I test, a p-value of 0.005, showed strong evidence for
spatial autocorrelation in the precipitation data.  The Lagrange multiplier test for lag
dependence showed strong evidence for lag dependence, which puts OLS estimates on
very shaky ground (mis-specified).
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Figure 4 – Spatial Lag Model Precipitation Grid

The results from the spatial lag model were used to generate the 30-meter precipitation
grid shown in Figure 4.  Adjustments were made in accordance with the results of the
heterogeneity tests, where the combination of a dummy variable with the northing
variable showed significance (p-value = 0.008) between the United States regime and the
Mexico regime.  There was also strong evidence for spatial heterogeneity with respect to
variation of the intercept for the elevation variable.  These differences are likely due to
the topography of the two different parts of the watershed.

Values in the precipitation surface have a significant affect on stream discharge
estimates, and the resulting surface contained maximum values that were approximately
25 percent lower than those produced by using the trend surface as a source of
precipitation estimates (Table 5).

Table 5 - Descriptive Statistics for Precipitation Grids
Grid name min. value max. value mean std. dev.

Trend Surface 11.485 34.326 20.231 5.848
MLE Grid 7.697 25.396 15.612 4.105

The flood discharge results computed with the stream flow regressions were much more
realistic using the MLE grid.  A comparison for the watershed as a whole is shown in
Table 6. The table compares the discharge values calculated by using the trend surface
grid as a source for mean annual precipitation, the values from the IBWC flood frequency
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analysis, and finally, with the values calculated by using the spatial lag model grid as a
source for precipitation values.

Table 6 – Model Sensitivity: Precipitation Influence on Flood Discharge
Method Q25 Q50 Q100 Q500

Trend Surface 102000 168000 250000 725000
IBWC Estimates 32000 47000 67000 115000

MLE 22000 35000 51000 141000

Additionally, the distribution of these flood estimates could be found.  In the maximum
likelihood estimation of the spatial lag model the distribution of the error term is
calculated.  This could be incorporated as measurement error into the flood event
equations directly or used to simulate realizations of the precipitation grid in a Monte
Carlo experiment.

It would be of great interest to include other variables in the Maximum Likelihood
equation.  Aspect probably has a large influence on rainfall and is also a way to quantify
the orographic affect on precipitation.  In the Tijuana River Watershed orographic lifting
and cooling of air generally occurs on the west faces of slopes, while air descends, warms
and dries over east facing slopes.  It would be valuable to examine the orientation of
existing precipitation gages as well as include aspect as a variable in the Maximum
Likelihood precipitation grid.  This concept is a central component of the Parameter-
elevation Regressions on Independent Slopes Model (PRISM), which models the terrain
as a grid of facets with unique location and orientation (Daly, 1994).  PRISM data is
available for the United States portion of the Tijuana River Watershed.  This allows for a
comparison of the results from other models, such as PRISM with the results from this
study.

In this first approach to modeling precipitation using spatial auto-regressive models, two
GIS packages (ArcInfo and ArcView), a scripting language (Avenue), and a high-level
math program (OCTAVE) were used.  This type of modeling can be easily integrated into
one package in ArcGIS.  Version 9.0 will support Python as a scripting language and
include an integrated visual modeling tool.  This modeling tool will allow for easy
integration of the various components of this model.  The PySpace initiative of the Center
for Spatially Integrated Social Science is developing optimized, open source spatial
autoregressive routines that could be used in this type of modeling (Sweeney, 2002).

In summary, this paper presented an application of spatial statistics to precipitation
modeling.  A precipitation surface was generated using a spatial auto-regressive model.
The methods used account for spatial autocorrelation of precipitation data and estimates
consistent and efficient parameters from relatively few rainfall observations, and it
proved to be the most appropriate method to use for this study.  The procedure is not
environment specific, and hydrologic and environmental applications can benefit from
this versatile approach, which provides an accurate surface without the limitations of
other regression or geostatistical methods.
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